Abstract. Let Y be a subclass of the class of all analytic functions in the unit disk ∆ having the normalization f (0) = f ′ (0) − 1 = 0. If there exists an analytic, univalent function m satisfying the following conditions: In this paper we determine the Koebe domain and the covering domain as well as the minorant and the majorant for the class consisting of functions convex in the direction of the imaginary axis with real coefficients.
Introduction
In our research we use the concept of subordination. We say that an analytic function f is subordinated to an analytic and univalent function F in ∆ ≡ {ζ ∈ C : |ζ| < 1} if and only if there exists an analytic function ω such that ω(0) = 0, ω(∆) ⊂ ∆ and f (z) = F (ω(z)) for z ∈ ∆. Then we write f ≺ F .
Let A denote the set of all functions f analytic in ∆ and normalized by f (0) = f ′ (0) − 1 = 0, and let Y denote an arbitrary subclass of A.
For a given Y, if there exists an analytic and univalent function m satisfying the following conditions: m ′ (0) > 0, If there exists an analytic and univalent function M such that M ′ (0) > 0,
f ∈Y f ≺ M and for every analytic function k, k(0) = 0, there is [4] ) and the majorant does not exist (L Y = C). 3. Y = CV R (2) , where CV R (2) is the class of univalent, convex and odd functions in ∆ with real coefficients. The set K CV R (2) was determined by Krzyż and Reade (see [1] ). Then m maps ∆ onto the set K CV R (2) and
dt (see [3] ).
Let n ≥ 2 be a fixed integer. The aim of this paper is to determine the Koebe domain and the covering domain as well as the minorant and the majorant for Y (n) . The class Y (n) is the set of n-fold symmetric functions from Y , i.e.
n . We say that a set D is n-fold symmetric if for ε defined above we have εD = D. The symbol λD is understood as {λz : z ∈ D}.
The very important property of the class Y (n) is given in Lemma 1. If f ∈ Y (n) then the straight line k : ζ = e πi n t, t ∈ R is the symmetry axis of the set f (∆).
Proof. The symmetry with respect to the line ζ = e πi n t, t ∈ R means that for arbitrary z, ζ ∈ ∆ if (5) ze
n . Assume that the condition (5) is satisfied. We can write it equivalently in the form
Applying (7) we obtain f (z)ε = f (ζ). This condition is equivalent to (6).
Remark 1. The real axis is another symmetry axis of f (∆) because of real coefficients of f ∈ Y (n) . Moreover, from n-fold symmetry each straight line ζ = e πi n k t, t ∈ R, k = 0, 1, . . . , 2n − 1 is also the symmetric axis of f (∆).
The next lemma follows from Lemma 1 and from properties of the class Y (n) .
Lemma 2. The Koebe domain and the covering domain for Y (n) are n-fold symmetric and symmetric with respect to the lines ζ = e πi n k t, t ∈ R, k = 0, 1, . . . , 2n − 1.
For a fixed n we use the notation: Λ j = {ζ ∈ C : 2(j − 1)π/n ≤ Arg ζ ≤ 2jπ/n}, j = 1, 2, ..., n and Λ = {ζ ∈ C : 0 ≤ Arg ζ ≤ π/n}. Furthermore, we will write ∂D to denote the boundary of a set D.
From Lemma 2 it follows that we need to determine the boundaries of the Koebe domain and the covering domain only in the set Λ.
Koebe domain for odd n Lemma 3. If f ∈ Y (n) , n ≥ 3 is odd and w ∈ ∂f (∆), where Arg w ∈ [0, π n ], then the rays
Proof. Let f ∈ Y (n) and w ∈ ∂f (∆), Arg w ∈ [0, π n ]. From convexity of f in the direction of the imaginary axis we have l 1 ∩ f (∆) = ∅. From n-fold symmetry we get that the point wε k = we
) , where n = 2k + 1, does not belong to f (∆). Hence the ray ζ = wε k + it, t ≥ 0 is disjoint from f (∆). Therefore, the ray
From Lemma 3 it follows that the sector, which has vertex in the point w and radii l 1 and l 2 , is disjoint from f (∆). Hence we have
Let n ≥ 3 be a fixed odd integer. We consider a family of open and n-fold symmetric polygons which are symmetric with respect to the real axis and are such that their successive vertices u, v, w belong to Λ and Arg u = 0, Arg v ∈ (0, We denote this family of polygons by V. The Schwarz-Christoffel formulae confirm the existence of exactly one analytic function which maps ∆ univalently onto a fixed polygon of the family V and has positive derivative in 0. This function is of the form
for suitable ϕ ∈ 0, π n and A > 0.
From now on we choose the principal branch of the n-th root.
Taking A = 1 in (8) we get the function with classical normalization. We denote this function by F ϕ and the polygon F ϕ (∆) by A ϕ . With this notation all polygons of the family V can be written as λA ϕ , λ > 0.
Moreover, let
For a fixed ϕ, the point v 1 (ϕ) coincides with the vertex of the polygon A ϕ such that its argument is from the range [0,
and it is an injective function on [0, 
. Lemma 3, Lemma 1 and n-fold symmetry of f give us
This and univalence of F ϕ lead to f ≺ λF ϕ .
From the facts given above we conclude that
results from Theorem 1. Since all functions belonging to the class Y (n) are convex in the direction of the imaginary axis and starlike (by Corollary 1), we have Corollary 2. The Koebe domain for Y (n) and odd n ≥ 3 is convex in the direction of the imaginary axis and starlike.
Theorem 2. The function
is the minorant of the class Y (n) for odd n ≥ 3.
Values F (e iϕ ) coincide with the values of the function v 1 (ϕ). Moreover, F is an n-fold symmetric and injective function on ∂∆, so it is univalent in ∆. Hence F is the minorant of Y (n) .
Corollary 3. The minorant F of the class Y (n) for odd n ≥ 3 is convex in the direction of the imaginary axis (F/F ′ (0) ∈ Y (n) ) and starlike.
Koebe domain for even n
Proof. Let f ∈ Y (n) and w ∈ ∂f (∆), Arg w ∈ [0, π n ]. By Lemma 1 points w and wε = we 2πi n do not belong to f (∆). The function f is convex in the direction of the imaginary axis so l 1 ∩f (∆) = ∅ and {wε+it, t ≥ 0}∩f (∆) = ∅. Since f (∆) is symmetric with respect to the line ζ = e πi n t, t ∈ R, we have
From Lemma 4 we conclude that for n ≥ 4 the sector, which has vertex in the point w and radii l 1 and l 2 , is disjoint from f (∆). Observe that if n = 2 then the line l 1 coincides with l 2 . We have
Let n be a fixed positive even integer. For n ≥ 4 we consider a family of open and n-fold symmetric polygons, which are symmetric with respect to the real axis and such that their successive vertices u, v, w belong to Λ and Arg u = 0, Arg v ∈ (0, 
By the Schwarz-Christoffel formulae there exists exactly one analytic function which maps ∆ univalently onto a fixed polygon of the family W and which has positive derivative in 0. This function is of the form
for suitable ϕ ∈ 0, π n and B > 0.
Taking B = 1 in (11) we get the function with classical normalization. This function is denoted by G ϕ and the polygon G ϕ (∆) by B ϕ . With this notation all polygons of the family W can be written as λB ϕ , λ > 0.
Moreover, let us denote
This means that v 2 (ϕ), when ϕ varies in 0, given by the formula
and it is an injective function on [0,
We consider the function G ϕ in case n = 2. We have
This function belongs to Y (2) . Moreover, for a fixed ϕ ∈ [0,
Furthermore,
In case ϕ = π 2 we have
Theorem 3. Let n be even. The Koebe domain for Y (n) is bounded, n-fold symmetric and symmetric with respect to the real axis. Its boundary in Λ is
, where v 2 is given by (13).
Proof. Let f ∈ Y (n) , n be even. I. n = 2. Assume that f ∈ Y (2) and w ∈ ∂f (∆), where Re w ≥ 0, Im w ≥ 0. Hence the points −w, w, −w do not belong to f (∆). From properties of Y (2) it follows that four rays
The assertion follows immediately from (14) and (15). II. For n ≥ 4 the proof is similar to the proof of Theorem 1.
Corollary 5. The boundary of the Koebe domain for Y (2) in Λ consists of the curve given by the parametric equation
and the point (0,
for even n results from Theorem 3. Since all functions of the class Y (n) are convex in the direction of the imaginary axis and starlike (by Corollary 4) we have
Corollary 6. The Koebe domain for Y (n) and even n is convex in the direction of the imaginary axis and starlike.
Proof. We shall prove this fact only for n = 2. Otherwise, this corollary is the simple consequence of the definition of Y (n) and Corollary 4.
Assume that the Koebe domain for Y (2) is not starlike. It means that there are two points w 1 , w 2 belonging to the boundary of this set such that Arg w 1 = Arg w 2 ∈ (0, π) and |w 1 | < |w 2 |. Hence, there exist two functions
Therefore,
Combining it with the normalization of G ϕ 1 , G ϕ 2 we obtain |w 1 | = |w 2 |, a contradiction.
Theorem 4. The function
is the minorant of the class Y (n) , for even n.
The proof of this theorem is similar to the proof of Theorem 2.
In case n = 2 the function G can be written in the form
Corollary 7. The minorant G of the class Y (n) for even n is convex in the direction of the imaginary axis (G/G ′ (0) ∈ Y (n) ) and starlike.
Covering domain for odd n
Proof. Let f ∈ Y (n) and w ∈ f (∆). From n-fold symmetry of f the point wε k = we
) , where n = 2k + 1, belongs to f (∆). Since the function f is convex in the direction of the imaginary axis and has real coefficients, the segments [w, w] and [wε k , wε k ] are contained in f (∆). Using n-fold symmetry of f once again the segment [wε 2k , w] = [wε, w] is included in f (∆), too.
Let n ≥ 3 be a fixed odd integer. We consider a family of open and n-fold symmetric polygons, which are symmetric with respect to the real axis. For each polygon both sides diverging from the only vertex u in Λ are orthogonal to the radii of Λ in such a way that we obtain the polygon with 2n sides. The polygon's all interior angles are of the measure π(1 − 1 n ). We extend the polygons' family as follows. If Arg u = 0 or Arg u = π n then we obtain a regular polygon having n sides and all angles of the measure π(1 − 2 n ). The arguments of the polygon's vertices are equal to
, j = 0, 1 . . . , n − 1, respectively. Hence in all cases the polygons are convex.
It means that the covering domain for Y (n) is the same as the covering domain for CV R (n) , which was determined in [3] .
Theorem 5. Let n ≥ 3 be odd. The covering domain for Y (n) is bounded, n-fold symmetric and symmetric with respect to the real axis. Its boundary in Λ is u 1 ([0, 
dt. Corollary 8. The covering domain for Y (n) and odd n ≥ 3 is convex in the direction of the imaginary axis and starlike.
The next corollary results from Theorem 5
Corollary 9. The function
is the majorant of the class Y (n) , for odd n ≥ 3.
Proof. Let n ≥ 3 be a fixed odd integer. For an arbitrary fixed ϕ ∈ [0,
Hence the values of J(e iϕ ) coincide with u 1 (ϕ) for all ϕ ∈ [0, π n ]. From univalence and n-fold symmetry it follows that J is the majorant of the class Y (n) .
Corollary 10. The majorant J of the class Y (n) for odd n ≥ 3 is convex in the direction of the imaginary axis (J/J ′ (0) ∈ Y (n) ) and starlike.
Applying the hypergeometric function one can write J in the form
Since for all z ∈ ∆ there is |J(z)| < |J(1)| = 2 F 1 (
where B means the beta Euler function, so we have
Covering domain for even n Lemma 6. If f ∈ Y (n) , n is even and w ∈ f (∆), where Arg w ∈ [0,
Proof. Let f ∈ Y (n) and w ∈ f (∆), where Arg w ∈ [0, π n ]. By Lemma 1 the point wε = we 2πi n belongs to f (∆). From convexity of f (∆) in the direction of the imaginary axis and symmetry with respect to the real axis we obtain the segments [w, w] and [wε, wε] are contained in f (∆). Moreover, using n-fold symmetry of f once again we get [w,
Let n be a fixed positive even integer. For n ≥ 4 we consider a family of open and n-fold symmetric polygons, which are symmetric with respect to the real axis and such that two successive vertices u, v belong to Λ and Arg u ∈ (0, π n ), Arg v = π n . Moreover, for each polygon one of its sides diverging from the vertex u is orthogonal to the real axis. The polygon's interior angles adjacent to these vertices are of the measure π(1 − 2 n ), π(1 + 2 n ). Hence these polygons have 3n sides. For n ≥ 6 we extend the family of polygons on limiting cases. If Arg u = 0 then we obtain a regular polygon having 2n sides and angles π(1− 4 n ), π(1+ 2 n ) alternately, counting from the vertex on the real positive semi-axis. In case u = v the polygon is regular and has n sides and angles of the measure π(1 − 2 n ). The arguments of the vertices of such a polygon are equal to π n (2j + 1), j = 0, 1 . . . , n − 1. This family of polygons will be denoted by U.
From the Schwarz-Christoffel formulae there exists exactly one analytic function, such that its derivative in 0 is positive and it maps ∆ univalently onto a fixed polygon of the family U. This function is of the form
for suitable ϕ ∈ 0, π n and D > 0.
Taking D = 1 in (17) we get the function with classical normalization. We denote this function by H ϕ and the polygon H ϕ (∆) by D ϕ . With this notation all polygons of the family U can be written as λD ϕ , λ > 0. (1 + t n e inϕ ) 2 (1 − t n ) 2 (1 − t n e 2inϕ ) 2 dt.
Obviously, u 2 is an injective function on [0, π n ]. Theorem 6. Let n ≥ 6 be even. The covering domain for the class Y (n) is bounded, n-fold symmetric and symmetric with respect to the real axis. Its boundary in Λ is u 2 ([0, π n ]), where u 2 is given by (19). Proof. Let f ∈ Y (n) , n ≥ 6 be even. Assume that λu 2 (ϕ) ∈ ∂f (∆) , λ > 0 , ϕ ∈ [0, π n ]. By Lemma 6 f (∆) ⊃ λD ϕ = λH ϕ (∆).
Combining it with univalence of H ϕ it follows that λH ϕ ≺ f.
Hence λ = λH ′ ϕ (0) ≤ f ′ (0) = 1. Therefore, if λ > 1 then λu 2 (ϕ) / ∈ f (∆) and if 0 < λ < 1 then [0, λu 2 (ϕ)] ⊂ f (∆). Moreover, u 2 (ϕ) ∈ ∂H ϕ (∆), which means that u 2 (ϕ) ∈ ∂L Y (n) . Hence u 2 ([0, π n ]) is the boundary of the covering domain for Y (n) in Λ. From Lemma 2 we get the conclusion of this theorem.
Theorem 7. The covering domain for Y (4) is unbounded, 4-symmetric and symmetric with respect to the real axis. Its boundary in Λ is u 2 ((0, The proof of Theorem 7 is similar to the proof of Theorem 6.
